On the small maximal flows in first passage percolation 

Marie THERET 

We consider the standard first passage percolation on TL^: with each edge of the lattice we 
associate a random capacity. We are interested in the maximal flow through a cylinder in this 
graph. Under some assumptions Kesten proved in 1987 a law of large numbers for the rescaled 
flow. Chayes and Chayes established that the large deviations far away below its typical value are 
of surface order, at least for the Bernoulli percolation and cylinders of certain height. Thanks to 
another approach we extend here their result to higher cylinders, and we transport this result to 
the model of first passage percolation. 

1 Definitions and main result 

We use the notations introduced in [5] and [6]. Let d> 2. We consider the graph (Z'^,E'^) having 
for vertices Z'^ and for edges E"^ the set of the pairs of nearest neighbors for the standard norm. 
With each edge e in E*^ we associate a random variable t{e) with values in M+. We suppose that 
the family (t(e),e € E'^) is independent and identically distributed, with a common distribution 
function F. More formally, we take the product measure P on = neeE<*[Oi write its 

expectation E. We interpret t{e) as the capacity of the edge e; it means that t{e) is the maximal 
amount of fluid that can go through the edge e per unit of time. For a given realization (t(e), e G E'^) 
we denote by (^^^ = (pB the maximal flow through the box 

B{k,m) = Y[[0,k,] X [0,m], 
1=1 

where k = {ki, k^^i) G Z'^"^, from its bottom 

d-l 

Fo = '[l[0,ki] X {0} 

i=l 

to its top 

d-l 



Fm = '[l[0,ki] X {m}. 



i=l 



Let us define this quantity properly. We remember that E*^ is the set of the edges of the graph. An 
edge e € E'^ can be written e = {x,y), where y € Z*^ are the endpoints of e. We will say that 
e = (x, y) belongs to a subset A of M'^ (e G if the segment joining x to y (eventually excluding 
these points) is included in A. Now we define E'^ as the set of all the oriented edges, i.e. an element 
e in E*^ is an ordered pair of vertices. We denote an element e € E"^ by {{x,y)), where x, y E Z"^ 
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1 DEFINITIONS AND MAIN RESULT 



are the endpoints of e and the edge is oriented from x towards y. We consider now the set S of all 
pairs of functions {g,o), with 5 : E'' — > R"*" and o : E*^ — > E*^ such that o{{x,y)) G {((x,y)), {{y,x))}, 
satisfying 

• for each edge e in i? we have 

< g{e) < t{e) , 

• for each vertex v m. B \ we have 

9{e) = 9{e) . 

e€B : o{e)=({v,-)) eGB : o(e)={{-,v)) 

A couple {g,o) € 5 is a possible stream in B: g{e) is the amount of fluid that goes through the 
edge e, and o(e) gives the direction in which the fluid goes through e. The two conditions on 
((7, o) express only the fact that the amount of fluid that can go through an edge is bounded by its 
capacity, and that there is no loss of fluid in the cylinder. With each possible stream we associate 
the corresponding flow 

flow{g,o) = Y g{{u,v))Io({u,v))={{u,v)) - gi{u,v))Io{^(^u,v))={{v,u)) ■ 

This is the amount of fluid that crosses the cylinder B if the fluid respects the stream {g,o). The 
maximal flow through the cylinder B is the supremum of this quantity over all possible choices of 
stream 

= (t^kra = flow{g,o). 
(9,o)G5 

We note pdd) the critical value of the parameter of the Bernoulli percolation in dimension d. 
We will prove the following result: 

Theorem 1. We suppose that 

F{0) < l-pc{d). 

There exist a positive constant eo, depending only on d and F, and a positive constant C , depending 
only on d, such that for any function : N — > N satisfying 

In/ifn) 
lim = 



we have ^ 

Ve < £0 lim inf jTT ' 



n— >oo n'^ ^ 



(n,...,n),h(n) < ^n'^ ^ 



> C7 > 0. 



The condition -F(O) < 1 — pc is. necessary for this result to hold. Indeed, Yu Zhang (see [9]) 
proved in dimension 3 that for a function F satisfying 



F(0) = \ — pc and / xdF{x) < 00 

J\0,+oo\ 



[0,+oo[ 

we have 

,. 4'(k,l),m 

hm — = . 

fcjZjTTl— >00 kl 

The spirit of this result is not new, Chayes and Chayes proved in [Ij (see Lemma 3.3) the 
following theorem: 
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2 MAX-FLOW MIN-CUT THEOREM 



Theorem 2. We suppose that the capacity t of each edge follows a Bernoulli law of parameter p 
satisfying p > Pc- Then there exist positive constants e, C such that 



,n),n > ^n'^ ^ 



for n sufficiently large. 



To prove it they divide the cyhnder into thin layers, compare each one of them to objects 
of dimension 2 and use the results of [1]. Because of the passage in dimension 2, it seems to 
us that this proof can only be extended to cylinders B{{n, ...,n),h{n)) with a height satisfying 
lim„^oo lnh{n)/n = 0. This is the constraint we have in dimension 2, but not in higher dimensions. 
Actually the condition lim„^oo ln/i(n)/n'^~^ = is the good one, in the sense that in the model 
of Bernoulli percolation if h{n) = ex.p{kn'^~^) for a constant k sufficiently large, the maximal flow 
4'{n,...,n),h{n) tcuds to almost surely. Indeed if the n*^"^ vertical edges of the cylinder that intersect 
one fixed horizontal plane have all for capacity then (t>{n,...,n),h{n) = 0- By independence and 
translation invariance of the model, we obtain, for k large enough 



P hn,...,n),Mn) / 0] < 1 - (1 - p)"'" 



h{n) 



0. 



The proof of Theorem [T] is based on the coarse graining techniques of Pisztora (see [8]). Actually 
we don't need estimates as strong as those of Pisztora for the renormalization scheme. We will use 
a weaker version of these results as in [3]. Moreover we won't use the general stochastic domination 
inequality (see [8], [7]), it is sufficient here to use a partition of the space into equivalence classes to 
get rid of problems of dependence between random variables, as we will see in section l42l 

We will first study two particular cases of this result in the model of Bernoulli percolation, 
that will allow us to deal very simply with the proof of the main theorem in general first passage 
percolation. 



2 max-flow min-cut theorem 

The definition of the flow is not easy to deal with. The maximal flow cpB can be expressed differently 
thanks to the max-flow min-cut theorem (see [2]). We need some definitions. 

A path on a graph (Z'^ for example) from vq to Vn is a sequence (uq, ei, ui, e^, Un) of vertices 
vo,...,Vn alternating with edges ei,...,en such that Vi-i and Vi are neighbors in the graph, joined 
by the edge Cj, for i in {1, ...,n}. Two paths are said disjoint if they have no common edge. 

A set E of edges of B{k,m) is said to separate Fq from Fm in B{k,m) if there is no path from 
Fq to Fm in B{k,m) \ E. We call E an (Fo,Fm)-cut if E separates Fq from Fm in B{k,m) and if 
no proper subset of E does. With each set E of edges we associate the variable 

V{E) = J]t(e). 

eeE 

The max-flow min-cut theorem states that 

(pB = min{ V{E) \ E is an (Fq, Fm) — cut } . 

In the special case where t{e) belongs to {0, 1}, i.e. the law of t is a Bernoulli law, the flow has 
an other simple expression. In this case, let us consider the graph obtained from the initial graph 
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3 BERNOULLI PERCOLATION FOR A PARAMETER P NEAR 1 



Tj'^ by removing all the edges e with t{e) = 0. Menger's theorem (see [2]) states that the minimal 
number of edges in B{k,m) that have to be removed from this graph to disconnect Fq from Fm is 
exactly the maximal number of disjoint paths that connect Fq to Fm- By the max- flow min-cut 
theorem, it follows immediately that the maximal flow in the initial graph through B from Fq to 
Fm is exactly the maximal number of disjoint open paths from Fq to Fm, where a path is open if 
and only if the capacity of all its edges is one. 



3 Bernoulli percolation for a parameter p near 1 

We consider that the capacity t of each edge follows the Bernoulli law of parameter p, with p = 
P[t = 1] as close to 1 as we will need. Remember that here the maximal flow through a cylinder B 
is the maximal number of disjoint open paths from the bottom to the top of B. We will first prove 
the following theorem: 

Theorem 3. For all e in [0, 1[, there exist po{e , d) < 1 and a constant C depending only on the 
dimension d such that for any function /i : N — > N satisfying 



lim 



In h{n) 



n—*oo n 



d-l 



and for all p > Pq we have 

lim inf 



n— >oo n' 



d-l 



InP 



{n,...,n),h{n) 



< en" 



> C" > . 



To simplify the notations during the proof of this theorem, we define 



a{e) = ¥ 



(n,...,n),h{n) 



„^ < en 



d-l 



Thanks to the max-flow min-cut theorem, we know that 



a{e) = ¥ there exists a (-Fo)-PX(n)) ~ cut E satisfying V{E) < en 



d-l 



We need to define a notion of o-connection. We associate with each edge e a plaquette V{e) which 
is the only unit square of of the form Vi + (ni,...,?!^) that intersects e in its middle, where 
{ni,...,nd) G Z'^ and Vi = [-1/2, l/2]*-i x {1/2} x [-1/2,1/2]'^"* for 1 < i < d. We say that two 
edges ei and 62 are o-connected if and only if 'P(ei) fl V{e2) 7^ 0. According to Kesten (see [6]) a 
(Fq, F/i(„))-cut is o-connected. Moreover, it is obvious that a cut contains at least n'^~^ edges (to 
cut the n'^~^ possible vertical paths). In particular, if we consider a fixed vertical path and if we 
denote by (ei,i = 1, ...,h{n)) the edges of this path, a (Fq, F/j(„))-cut E must contain at least one 
of these Cj. We can then find a subset E' of E which contains exactly n^~^ edges, including one of 
these ei, and which is o-connected. Obviously if V{E) < en'^~^ then V{E') < en'^~^ . Finally we can 
relax the constraint for E' to be in and by translation invariance of the model we can suppose 
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4 BERNOULLI PERCOLATION 



that E' contains a determined edge cq. We deduce from these remarks that 



h(n) 



a 



(e) < ^ P ^there existsa (Fo,F/^(„)) — cut E such that V{E) < en'^ ^ and Ci & E 

i=l 

< h{n)¥ 

< h{n) ^ 



there exists a o —connected set E' of n'^ ^ edges 
such that V{E') < en'^"^ and cq G E' 



J2t{e)<en 

.e£A 



d-l 



where the sum is over the o-connected sets A ofn'^~^ edges including cq. We know (see [6]) that there 
exists a constant c > 1 depending only on the dimension d such that the number of such possible 
sets A is bounded by c" . We deduce then, thanks to the exponential Chebyshev inequality, that 



< exp 



,d-l 



-n 



E 
In h[n 



xt 



n 



d~i 



lnc + A(l - e) - ln(p+ (1 - p)e^) 



We choose A such that 

A(l -e) > Sine, 

and then po < I (depending on d and e) such that for all p > po we have 

In (^p+ (1 -p)e^^ < Inc. 

We conclude that 



Inc 



In h(n) 



n 



d-l 



> Po a{e) < exp \^—n'^ ^ 
This ends the proof of theorem [3l 

4 Bernoulli percolation 

We consider now that the law of i is a Bernoulli law with a fixed parameter p > pc- We will prove 
the following result: 

Theorem 4. For any p > Pc, there exist a positive £q (depending on d andp) and a positive constant 
C" (depending only on the dimension d) such that for any function h : N ^ N satisfying 

In h{n) 



lim 

n— ►oo n' 



d-l 







we have 



Ve<eo 



lim inf - 



1 



n' 



d-l 



InP 



{n,...,n),h{n) 



< en 



d-l 



>C" > 0. 



The proof of this theorem is based on the coarse graining techniques of Pisztora (see [8], [3]). 
The idea is to use a renormalization scheme: instead of looking at what happens for each edge, 
we try to understand what are the typical properties of the edges in a box, and to deduce some 
properties for the entire graph. 
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4.1 Coarse graining 



4 BERNOULLI PERCOLATION 



4.1 Coarse graining 

Let A be a box. We define its inner vertex boundary as 

a*"A = {x e A I 3 y ^ A , \x - y\ = 1} . 

An open cluster within A is said crossing for A if it intersects each of the 2d faces of ^^"'A. The 
diameter of a set A is given by diam{A) = maxj=i...rf sup^ \xi — yi\. We now consider the event 

U (A) = { there exists an open crossing cluster in A} 

and, for m less than or equal to the diameter of A, 

M^(A, m) = { there exists a unique open cluster in A with diameter > m} . 

Let A(n) be the square box ] — n/2,n/2]'^. We know that 

Lemma 1. For all dimension d > 2 and for all p > Pc, we have 

lim P[C/(A(n))] = 1. 

Moreover, there exists a finite constant 'j (depending on d and p) such that 

lim P[W^(A(n),7lnri)] = 1. 

n—*oo 

For a proof, see [3]. In particular, this lemma implies that 

lim P(P^(A(n),n/3)) = 1. 

n^oo 

To use this estimate, we will rescale the lattice. Let K be a positive integer. We divide into 
small boxes called blocks of size K in the following way. For x = (x^, ■■■,x^) G Z'^, we define the 
block indexed by x as 

Bk{x) = Kx + A{K), 

where Kx is the vertex {Kx^, ...,Kx^. We remark that the blocks partition W^. Let A be a region 
of W^, we define the rescaled region Aj^ as 

= |x G z'^ I Bk{x) n a / 0} . 

For X € Z'^, we define next a neighborhood of the block Bk{x), called the event-block, as 

B'Kix) = [jBKiu), 

u 

where the union is over the vertices u = {ui, ■■■,Ud) ^ satisfying maxi<j<rf |xj — lij < 1. Finally 
we define the block process as 

Vx G Xk{x) = 1u{Bk{x)) X ^W{Bk(x),^) ^ n '^W{BK{x)+y,^) ' 
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4 BERNOULLI PERCOLATION 



4.2 Proof of theorem\^ 



where Y = {(±K/2, 0, 0), (0, ±K/2, 0, 0), (0, 0, ±i^/2)}. We say that the event-block 
B'j^{x) is good if Xxix) = 1; it is bad otherwise. According to lemma [U we know that for a fixed x 
the variable Xk{x) is a Bernoulli random variable with parameter 1 — 6k, where liuiK^oo^K = 0. 
This way we obtain a dependent percolation by edges on the rescaled lattice. 

Now if we have a L^-connected path of good event-blocks {B'j^{x^,i € /) in the rescaled lattice 
from the bottom to the top of a rescaled cylinder we can find an open path from the bottom to the 
top of the corresponding cylinder B in the initial graph which is completely included in Ui^iBK{Xi)- 
Indeed, take x, y and z three successive elements of the L^-connected sequence G /). Suppose 
(for the recurrence) that we have already constructed an open path 7 in Bk{x) U Bxiy) which 
join the two opposite faces of d^^{BK{x) U Bxiy)) at distance 2K (the ones perpendicular to the 
direction of the vector y — x). We know that B'j^{y) and B'j^{z) are good event-blocks, so the events 
UiBK{y)), U{Bk{z)) and W{BK{y) + {z- y)K/2,K/2,) occur. On U{BK{y)) n U{Bk{z)), we 
know that there exists an open path 7^ (respectively 72) in Bxiy) (respectively Bk{z)) that join 
the two opposite faces of d'^^Bxiy) (respectively d'^^'B^iz)) perpendicular to the direction of the 
vector z — y. Moreover, since W{Bxiy) + (z — y)K/2, K/3) occurs, 7^ and 72 are connected by 
an open path 73 in Bxiy) + (z — y)K/2 because of the uniqueness of the open cluster of diameter 
greater than K/3 in B^iy) + {z — y)K/2 (see figured]). So 7' = 7i U72 U73 contains an open path in 
Bxiy) U Bk{z) which joins the two opposite faces of d'^"{BK{y) U Bk{z)) at distance 2K (the ones 
perpendicular to the direction of the vector z — y). Finally the event W{BK{y)^K/3) occurs so we 
know that 7 and 7' are connected by an open path 7" in Bxiy) (see figure [2]). From an event-block 
to another, we can build the desired open path from the bottom to the top of the cylinder B, and 
it lies indeed in Ujg/Si^(xj). 







/ 


















■72 





Figure 1: Construction of the open path - 1. 

Moreover, if we have N disjoint L^-connected paths of good event-blocks (i?^(xj),i G /j), 
2 = 1, in the rescaled lattice from the bottom to the top of a rescaled cylinder we can find 
N disjoint open paths from the bottom to the top of the corresponding cylinder B in the initial 
graph, because the sets Ij are pairwise disjoint and so are the sets [Ji^i^BK{x^), which contains the 
different open paths constructed as previously. 



4.2 Proof of theorem [4] 

As previously we use the notation 



a{e) 



{n,...,n),h{n) 



< en 



d~i 
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4.2 Proof of theorem [3 
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Figure 2: Construction of the open path - 2. 



We define the cyhnder 



A{n) = [0,n]'^-^ X [0, , 



and Aj^ is the rescaled cyhnder for an integer K which will be chosen soon. 

According to the remark at the end of the previous subsection, we know that if there exist en'^~^ 
disjoint paths of L^-connected good event-blocks from the bottom to the top of the rescaled cylinder 
-Aj^(n), then there exist at least en'^~^ disjoint open paths from the bottom to the top of A(n). 
Therefore 



a(e) < 



there exist less than en'^ ^ disjoint paths of good 
event — blocks from the bottom to the top of Aj^{n) 



Now the arguments which will be used are very similar to those used in the proof of theorem [3l The 
main difference is that the random variables {Xk{x):X S Z'^) are not independent. 

We work for the rest of the proof in the rescaled lattice. The notion of cut can be adapted easily 
in the model of site percolation and the max-flow min-cut theorem remains valid in this model. 
Thanks to the max-flow min-cut theorem applied in the rescaled lattice we obtain that 



a(e) < P there exists a (Fq^, F^^f^^y^ — cut E_ satisfying Y_{E) < en' 



d-l 



where here 



Note that such a (Fq^, F^fa)^^ )-cut contains at least u = [{n/K) J vertices. As previously, we 



obtain 



A 



^XKix)<en 



d-i 



where the sum is over the L^-connected sets A of u vertices containing a fixed vertex Xq of 
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5 PROOF OF THEOREM 1 



To deal with the variables {Xk{x),x G Z*^) we introduce an equivalence relation on Z*^: x ^ y 
if and only if 3 divides all the coordinates oi x — y. There exist S"' equivalence classes Vi, V^d in 
U^. For a set of vertices E_, we define 

^ = EnVi. 

Now the variables {Xk{x),x G Vi) are independent for a fixed Z G {1, S'^}, so we want to consider 
only sums of variables indexed by vertices in the same equivalence class. For that purpose, we 
remark that if X^^g^ Xk{x) < en'^~^ for some set ^4 of n vertices and for some e < 1/K'^~^ , then A 

contains at least u — [en'^~^\ bad event-blocks which are included in the subsets A^, ■.■,A'^ . Thus 
there exists I G {!,..., 3"^} such that A^ contains at least {u — [en'^~^J)/3'^ bad event-blocks, so 
ExgA' ^Kix) < \A^\ - (n - [en^-iJ)/3'^. This remark leads to 



^Xii-(x) < en 



3" 

1=1 



Y^XK{x)<\£\-^{u-en'-') 



where \A^\ is the cardinal of -A'. Now, thanks again to the bound on the number of possible sets A 
and to the exponential Chebyshev inequality, we obtain as in the proof of theorem [3] 



VA > 



A 1=1 



\A!\--(u-en''-'] 



E 



-AXa'(£o) 



\A'\ 



K 



A 1=1 



d-1 



3d 



+ \A^\ln 



< 



K 



exp —u 



A 



Inc' + ^(1 - ^) - ln(l + 5K{e^ - 1)) 



because \A^\ < u. Now we choose first A such that 



A 



> 31nc', 



2 X 3^^ 

and then K large enough (depending on d and p), so 5k small enough, to have 

\n(l + 5K{e^ - I)) < Inc'. 

We obtain 



1 



2K 



-nine' 

K 



and this ends the proof. 



5 Proof of theorem [T] 

We consider finally the general case of the first passage percolation model, with the condition 

F(0) < 1-pc. 



9 



REFERENCES 



REFERENCES 



The distribution function F is right continuous, so there exists a positive r] such that 



p' = F[t> 7]] = 1- F{r]) > pc . 



Now we consider a new family of random variables on E defined as 




1 if t{e) > r] 
otherwise 



The family (t'(e),e G E'^) defines an independent Bernoulli percolation of parameter p' on the 
lattice. We consider the rescaled lattice, and we say that an event-block is good if it is good for 
this Bernoulli percolation according to the definition given in the previous section. We remark that 
the existence of a path of good event-blocks in the rescaled lattice implies the existence of a path 
of edges with a capacity greater than rj in the initial graph. Therefore 



We proceed as in the proof of theorem H] to obtain the desired estimate. 
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